Abstract. In this paper the three-dimensional divisorial contractions f : Y → (X ∋ P ) are classified provided that Exc f = E is an irreducible divisor, f (E) = P , Y has canonical singularities and (X ∋ P ) is a toric terminal singularity.
Introduction
The divisorial contractions of 3-folds to the toric terminal singularities are studied in this paper. The main result is the following theorem.
Theorem. Let f : Y → (X ∋ P ) be a divisorial contraction of 3-fold, where Exc f = E is an irreducible divisor and f (E) = P . Suppose that Y has canonical singularities and (X ∋ P ) is a toric terminal singularity. Then either f is a toric morphism up to analytic isomorphism (X ∋ P ) ∼ = (X ∋ P ), or f has a type A n , D n , E 6 , E 7 or E 8 and is described in section 2.
Corollary. In notations of theorem, suppose that f is not a toric morphism for any analytic isomorphism (X ∋ P ) ∼ = (X ∋ P ). Then (X ∋ P ) is either a non-singular point, or an ordinary double point.
Corollary. [5] , [1, Theorem 3.10] , [2] . In notations of theorem, suppose that Y has terminal singularities. Then f is a toric morphism up to analytic isomorphism (X ∋ P ) ∼ = (X ∋ P ).
The advantage of the proof given in this paper is that it does not use the classification of three-dimensional terminal singularities, log minimal model program and it can be generalized in the case of higher dimensions.
Let us remark that the results obtained have the very important applications to the rationality problem of algebraic varieties too. The theorem implies that a maximal singularity (in this class of singularities) is realized by some toric blow-up or has really very "rigid" structure.
The logarithmic version of this theorem is proved in [10] . I am grateful to Professors Yu.G. Prokhorov and I.A. Cheltsov for valuable advices.
Preliminary facts and results
All varieties considered are defined over C, the complex number field. The main definitions, notations and notions used in the paper are given in [6] . The germ of a variety X at a point P is denoted by (X ∋ P ).
contractions of normal varieties, where Exc f i = E i are irreducible divisors and −E i are f i -ample divisors. If E 1 and E 2 define the same discrete valuation of the function field K(X) then the contractions f 1 and f 2 are isomorphic.
be two divisorial contractions to a point P , where Exc f i = E i are irreducible divisors. Suppose that the varieties Y i , X have log terminal singularities, E 1 and E 2 define the same discrete valuation of the function field K(X), the divisor −E 1 is f 1 -ample, the divisor −E 2 is not f 2 -ample. Then there exists a flopping contraction (with respect to
, where ε is a sufficiently small positive rational number. By base point free theorem [4, Remark 3.1.2] a linear system |nL| is free over X for n ≫ 0 and gives a contraction g :
Proof. If (Z ∋ P ) is a Q-factorial singularity then we have the first possibility by terminal lemma (for example, see [13, §1.6] ). Assume that (Z ∋ P ) is not a Q-factorial singularity. Let (Z ′ ∋ P ′ ) → (Z ∋ P ) be a canonical cover and let Z → Z ′ be a Q-factorialization. Since the variety Z has the Q-factorial toric terminal singularities of index one only then Z is a smooth variety.
Let us prove that Exc f is an irreducible curve [14, Example 6] . Assume the converse. Since the divisor K X + T is log canonical, where T is a complement to the open toric orbit, then there exists an invariant irreducible (smooth) divisor T 1 containing two intersecting curves from Exc f . It is impossible since these curves must be (−1) curves on
[11, Exercise 14-2-10] and X ′ = X by the classification of three-dimensional terminal singularities [12] .
x,y ∋ 0, D) be a log canonical but not purely log terminal pair, where
Then two following statements hold.
1) There exists a decomposition
Remark 1.5. Before proving the lemma let us demonstrate its sense in this example. Consider a log canonical but not purely log terminal pair (C 2 x,y ∋ 0, 5 6 {x 2 + y 3 = 0}). We have
Proof. If the decomposition does not exist then we put
is not a purely log terminal pair then the lemma is proved. Let (C 2 , D 0 ) be a purely log terminal pair. Then (C 2 , D 0 + εC) is a purely log terminal pair for 0 < ε ≪ 1, where C is a general curve passing through 0. A contradiction with [7, Corollary 7.8 ].
Non-toric divisorial contractions
In this section we construct the examples of non-toric divisorial contractions. The case of non-singular point and the case of ordinary double point are considered in items 2.1-2.5 and 2.6-2.8 respectively.
2.1.
At first we consider the general construction of divisorial contractions. Then we prove its existence in special cases. After that our special cases are studied in detail.
Let (X ∋ P ) = (C 3 ∋ 0) and g : Z → (X ∋ P ) be a weighted blowup with weights (β 1 , β 2 , β 3 ), Exc g = S. Consider some irreducible curve Γ on S, which is not a toric subvariety of Z. Let h : Y → Z be the blow-up of an ideal I Γ , Exc h = E and Y → Y be the divisorial contraction of S to a point, where S is the proper transform of S. We obtain a divisorial contraction f : Y → (X ∋ P ), where Exc f = E. In every example stated below the variety Y has the canonical but not terminal singularities and f is not a toric morphism. Now we write our cases. Equality (1) gives the precise definition of a curve Γ.
where the polynomial ϕ is quasihomogeneous with respect to weights (β 1 , β 2 , β 3 ) and defines a corresponding Du Val singularity or ϕ = x 1 x 2 2 + x 2 3 for types D n , A 3 only. The polynomial ψ is general and has a large degree. We have
where D Z and {ϕ = 0} are the proper transforms of the divisors D and {ϕ = 0}. The pair (X, D) is canonical and
. By base point free theorem [4] the linear system |nD Y | gives a required divisorial contraction Y → Y , where n ≫ 0.
Note that the proper transform of a divisor D on Y is a general elephant for the divisorial contraction Y → (X ∋ P ).
Before considering the types A n , D n , E i explicitly let us prove the following lemma.
Proof. We have
By adjunction theorem the lemma is proved.
2.3.
For every type A n , D n , E i the surface E is a conic bundle. By calculations (see item 2.5) every geometrical fiber is irreducible. The curve Γ is a minimal section by lemma 2.2. The surface E is obtained from E by a contraction of Γ.
In the following diagrams we write a structure of E. All singularities of E are written. The empty circle denotes a fiber (necessarily with singularities of E). Every fiber f and Γ are the toric orbits near some cyclic singularity of type a 3 d 1 + 1, −1 ) and
Note that the log surface (E, Diff E (0)) is toric. (1, 1, 1) respectively. (1, 1) near f 1 \ Γ, where f 1 is another fiber. The surface E is non-normal along f 1 and the divisor K Y + E is log canonical but not purely log terminal. (1, 1, −1), 1 3 (1, 1, −1) and 1 2 (1, 1, 1) respectively.
Remark 2.4. In cases 1), 3), 4) it is possible that Y has the singularities along the fibers denoted by the circles. For example, in case 3) it is possible if and only if 3|(n − 2).
Let us illustrate the calculations in cases 1) and 2)
. The other cases are analyzed similarly. In case 1) the curve Γ passes through two different singular points P 1 and P 2 of Z. Consider the first singularity
Since the curve Γ is a toric subvariety near P 1 we can use a toric geometry.
We refer the reader to [13] for the basics of a toric geometry. Let N ∼ = Z n be a lattice of rank n and M = Hom(N, Z) its dual lattice. For a fan ∆ in N the corresponding toric variety is denoted by T N (∆). For a k-dimensional cone σ ∈ ∆ the closure of corresponding orbit is denoted by V (σ). This is a closed subvariety of codimension k in T N (∆).
At the point P 1 we have Z = T N (∆), where ∆ = { e 1 , e 2 , e 3 , their faces} and e 1 = (1, 0, 0), e 2 = (0, 1, 0), e 3 = (1, a 2 d 1 , a 3 d 1 ) . Note that S = V ( e 3 ), Γ = V ( e 2 , e 3 ). Then Y = T N (∆ ′ ), where ∆ ′ = { e 4 , e 1 , e 2 , e 4 , e 1 , e 3 , their faces} and e 4 = e 2 + e 3 = (1,
. Note that V ( e 4 , e 1 ) is a fiber of E over P 1 . By considering the cones e 4 , e 1 , e 2 and e 4 , e 1 , e 3 it is easy to prove the requirement. The case of a point P 2 is considered similarly. In case 2) the curve Γ is tangent to Sing Z. At the point of tangency we have 0) ) and a toric divisorial contraction g : Z → (X ∋ P ) is induced by the weighted blow-up of C 4 with weights (1, β 2 , β 3 , β 4 ), where 1 + β 2 = β 3 + β 4 , Exc g = S. Consider an irreducible curve Γ ∼ O P(1,β 2 ,β 3 ,β 4 ) (β 2 )| S on the surface S = (x 1 x 2 + x 3 x 4 ⊂ P (1, β 2 , β 3 , β 4 ) ), which is not a toric subvariety of Z. Let Y → Z be the blow-up of an ideal I Γ and Y → Y be the divisorial contraction of a proper transform of S to point. We obtain a divisorial contraction f : Y → (X ∋ P ) (it is of type A β 2 ). The variety Y has the canonical but not terminal singularities and f is not a toric morphism. The existence of construction is proved similarly as in the case of non-singular point, where D = {x
Let (X
The following lemma is proved similarly to lemma 2.2.
Lemma 2.7. We have
Using the toric calculations as above-mentioned we obtain the answer. (1, β 2 + 1, −1) respectively. Note that Y can be also singular along the fibers denoted by circles.
The log surface (E, Diff E (0)) is toric.
Remark 2.9. Note that the divisorial contractions Y → (X ∋ P ) constructed in this section are purely log terminal blow-ups except cases 2), 4). See the paper [10] about the classification of purely log terminal blow-ups of three-dimensional terminal toric singularities.
Main theorem
Theorem 3.1. Let f : Y → (X ∋ P ) be a divisorial contraction of 3-fold, where Exc f = E is an irreducible divisor and f (E) = P . Suppose that Y has canonical singularities and (X ∋ P ) is a toric terminal singularity. Then either f is a toric morphism up to analytic isomorphism (X ∋ P ) ∼ = (X ∋ P ), or f has a type A n , D n , E 6 , E 7 or E 8 and is described in section 2.
Corollary 3.2. In notations of theorem 3.1, suppose that f is not a toric morphism for any analytic isomorphism (X ∋ P ) ∼ = (X ∋ P ). Then (X ∋ P ) is either a non-singular point, or an ordinary double point.
Corollary 3.3.
[5], [1, Theorem 3.10], [2] . In notations of theorem 3.1, suppose that Y has terminal singularities. Then f is a toric morphism up to analytic isomorphism (X ∋ P ) ∼ = (X ∋ P ).
Proof. Let f be not a toric morphism for any analytic isomorphism (X ∋ P ) ∼ = (X ∋ P ). Then there exists a toric divisorial contraction g : Z → X with the following properties: I) Exc g = S is an irreducible divisor; II) Γ is not a toric subvariety of Z for any analytic isomorphism (X ∋ P ) ∼ = (X ∋ P ), where Γ is the center of a divisor E on Z; III) by proposition 1.2 we may assume that −S is g-ample divisor.
Therefore we may assume that Γ is a point in generic position lying in the set Supp(Diff S (0)). Since the pair (X, S) is purely log terminal then we have ) and T = Exc θ. Since
According to proposition 1.3 let us consider three cases in items 3.5, 3.9 and 3.10 respectively.
3.5. Let (X ∋ P ) be a non-singular point. Then g is the weighted blowup with weights (β 1 , β 2 , β 3 ) = (a 1 d 2 d 3 , a 2 d 1 d 3 , a 3 d 1 d 2 ) , d i = (β j , β k ), where j, k = i. We have 
Since D Y is a general divisor then the polynomial ψ is general and has a large degree by the construction of Y → (X ∋ P ). Hence a M, Corollary 3.7. Let Γ be a curve. Then we have one of the following cases (up to change of variables), which are considered in section 2 :
Proof. In notation of lemma 3.6 the divisor D is given by equation
We have three conditions: A) the pair X, 1 n D is canonical; B) ϕ is a quasihomogeneous polynomial with weights (β 1 , β 2 , β 3 ); C) a S, a 1 , a 2 , a 3 ). Another case is considered similarly. We can assume without loss of generality that Γ = (0 : 1 : 1). Let the curves {x 1 = 0} and {x 
where a 2 , a 3 ≥ 2. By lemma 1.4 we have
Since the divisor
Hence the divisor K S + Diff S ( 1 n D Z ) is ample. Let a 2 = a 3 = 1. Then by the same argument we prove that d 2 , d 3 ≥ 2 and the divisor
The case of (X ∋ P ) being a non-singular point is proved completely.
. Let Γ be a curve. Write D = {h = 0}/Z r (1, r − q, q). The proof of lemma 3.6 implies that P x 1 ,x 2 ,x 3 ,x 4 (β 1 , β 2 , β 3 , β 4 ) ,
The details of calculation can be found in the paper [9] . Note that ρ(S) = 2 since a complement to the open toric orbit of S consists of four irreducible curves C i . Every Weil divisor of S is linearly equivalent to some sum of C i with integer coefficients. Therefore, if Γ is a point then the divisor K S +Diff S ( 1 n D Z ) is nef for the same reason as in lemma 3.8, a contradiction. Proof. Every Q-Cartier Weil divisor on X is Cartier divisor. Therefore the divisor D is given by h(x 1 , x 2 , x 3 , x 4 ) = 0. In the same way as in the case of non-singular point we can prove that n + ψ for some i. This directly implies that β j = 1 for some j = i.
